We describe the dynamics of a system of two reaction-di usion equations on the circle. We show that the elements of the !-limit sets of every solution can be classi ed by the number of times which they wind around the circle line | they look either planar or screw-shaped. We prove a Poincar eBendixson result. Furthermore, we give a criterion under which a planar or screw-shaped stationary or periodic solution is unstable.
Introduction
The dynamics of solutions of one reaction-di usion equation 
There are nearly no results known about the dynamics of (2) which is mainly due to the fact that the oscillation number properties (sometimes also called zero numbers or Matano numbers) 1] are not available for systems of reaction-di usion equations. 1
M.B uger
If we concentrate on the case f 2 C 1 and f(0; 0) = (0; 0), then we can write f in 
where h 2 C 1 ( 0; 1); IR) is bounded from above and c is a real constant.
It is not hard to show that a Poincar e-Bedixson theorem holds for solutions of (4), which is due to the form of the non-linearity in (4) . On the other hand, even in this relatively simple model system (4) solutions need not tend to planar solutions any more. This makes the situation much more complicated compared to the case of Dirichlet or Neumann conditions on an interval. We can show that so called screw-shaped stationary as well as periodic solutions may occur. These solutions have the form illustrated in the following gure. If k denotes the number of times which the screw-shaped solution winds around the axis, then we can show that k is bounded from above We show that the !-limit set of any solution consists of planar solutions and screw-shaped solutions only, having all the same winding number k. Furthermore, we prove that planar or screw-shaped stationary or periodic solutions are unstable under some criterion which can easily be checked in examples (one such example is given).
2 Gradient-like structure and a Poincar e-Bendixson result y(t; x j )y(t; x j+1 ) < 0 8 1 j k ? 1g
is nite for all t > 0 and is non-increasing; furthermore, Z y decreases at t = t 0 whenever y(t 0 ; ) has a multiple zero. Since Z y is nite, this implies that y(t; ) can only have multiple zeros for nitely many t > 0. We note that the periodic boundary condition y(1) = y(0) implies that Z y (t) is even for all t.
In particular, these oscillation number results imply that equilibria of (6) have no multiple zeros except when they are constantly zero. Using this fact, we can show the following lemma. is well de ned. An easy calculation shows that y := ?w sin + z cos is a stationary solution of (6) which satis es y(x 0 ) = y x (x 0 ) = 0. This implies that y 0. Thus, the assertion follows if we set ' := and r := w= cos .
Now we are going to de ne planar and screw-shaped solutions:
De nition 1. A solution (w; z) of (5) A solution of (4) 
with a function ' 0 which is non-constant (otherwise we would get a planar ele- For all integers k let S k be the set of all screw-shaped elements of X with winding number k.
If, in addition, (' 0 ) x 6 = 0 on 0; 1] (i.e. ' is strictly monotone), then we call (w 0 ; z 0 ) strictly srew-shaped. We denote the set of all strictly screw-shaped elements of S k byŜ k . Then it is easy to check that (w ; z ) and ( w ; z ) are solutions of (5). Furthermore, we get (w ; z ) t (j) n ! ( w ; z )(j) (n ! 1) for j 2 f?1; 0; 1g.
Since ( w; z)(0) = ( u 0 ; v 0 ) is not planar by assumption, the function z cannot be constantly zero. Thus, z solves an equation of the form (6) and z (t; ) = v ( ) has a multiple zero at x 0 , we get Z z ( ? ) < Z z ( + ) for all ? < 0 < + . Because Z z has its values in IN and decreases every time z (t; ) has a multiple zero, this can only happen nitely many; in particular, for almost all t ?1 < 0 < t 1 the functions z (t j ; ), j 2 f?1; 1g have no multiple zero. Let t ?1 ; t 1 be chosen that way.
Since (w ; z )(t (j) n ) converges in X = H 2 (S 1 ; IR 2 ), it follows that (z (t (j) n ) converges in C 1 (S 1 ; IR) by the Sobolev embedding theorem. Therefore, z (t (j) n ; ) and z (t j ; ) have the same number of zeros (and both have no multiple zeros) for su ciently large n, j 2 f?1; 1g. Since Z z (t j ) do not coincide for j 2 f?1; 1g, the sequences Z z t (j) n ; j 2 f?1; 1g converge to di erent integers and, in particular, Z z (t) is cannot be non-increasing.
This contradicts the oscillation number results stated above. n ! (u`; v`) in X for n ! 1 and`2 fk; jg.
Hence, a subsequence of (w; z)(t (`) n ),`= k; j, converges to some equilibrium (w`; z`) (because of the gradient-like structure of the rotated system (5)). W.l.o.g. we assume that (w; z)(t (`) n ) ! (w`; z`). Since (u; v)(t (`) n ) converges to an element ofŜ`, (w`; z`) must be an element ofŜ`, too. Let r`; '`be the polar coordinates associated with (w`; z`) as above. By de nition ofŜ`, (w`; z`) 2Ŝ k implies that z`has exactly`zeros. These zeros are all simple, Since we have (w; z)(t (`) n ) ! (w`; z`) in X, we get z(t (`) n ) ! z`in C 1 . This implies that z(t (`) n ) has exactly`zeros for su ciently large n. In particular, the number of zeros of z(t; ) accumulates at two di erent values, k and j, and is, hence, not monotone. This constradicts the fact that this number has to be non-increasing by oscillation number properties (note that z solves the second equation of (5)).
Remark. We note that the proofs of Theorem 1, 2 and Lemma 1 do not use the fact that system (4) is gradient-like. These results also hold in situations where F is not radially symmetric or depends explicitly on the space variable x 2 S 1 and on the time t.
If (w 0 ; z 0 ) = (cos ' 0 ; sin ' 0 )r 0 is a screw-shaped equilibrium of (5) 
We call the winding factor of the screw-shaped solution. If we put (9) into the rst equation of (8) 
We note that the seccond condition of (11) is not easy to deal with, in general.
But if we assume that r = r 2 (0; 1) is constant, then we get a class of relatively simple solutions of (10) and (11) . We call these solutions radially constant. Proof. We have to show that r = r satis es (10) and (11) . The rst equation in (11) is trivial, the second is equivalent to 2 kr 2 = :
If we combine this result with (12), equation (10) follows, and the proof is complete.
We have shown that only planar or screw-shaped equlilibria exist for the rotated system (5). Furthermore, we have shown that no solution can accumulate at two screw-shaped solutions with a di erent winding number. In Theorem 3 we have actually constructed easy screw-shaped solutions. We note that if (w 1 ; z 1 ) is a screw-shaped equilibrium of (5) Proof. Let (w; z) be a screw-shaped equilibrium and r; ' the corresponding functions chosen as above (i.e. polar coordinates). Furthermore, let r + be the maximum of r on 0; 1]. Then we get using the second equation of (11) 2 k = Thus, the assertion follows.
Stability properties
In the last section we have shown that (at least radially constant) screw-shaped equilibria of (5) exist (if sup h is su cilently large). In this section we give criteria under which (screw-shaped as well as planar) equilibria are unstable.
We linearize system (5) at the planar or screw-shaped equlibrium (w 0 ; z 0 ). Writing (14) is not satis ed for y 0 = (1; 1), and, thus, (w 0 ; z 0 ) has to be unstable. Corollary 1. Let (w 0 ; z 0 ) = r 0 (cos ' 0 ; sin ' 0 ) be a radially constant planar or screw-shaped equilibrium of (5). Then (w 0 ; z 0 ) is unstable if 
Conclusions for the original model system
In Section 2, we showed how solutions of the model system (4) and of the rotated system (5) are related. In the next sections we proved convergence of all solutions of (5) to equlibria and examined them. If we transform these results back to our model system (4), then we get the following result: Theorem 6. We assume that c 6 = 0 (otherwise (4) coincides with its rotated system (5)).
(i) All solutions of (4) accumulate only at zero or at a periodic orbit with period
(ii) Each periodic orbit is either contained in P or inŜ k for some integer k 6 = 0, i.e. periodic solutions are either planar or strictly screw-shaped. Furthermore, the winding number k is bounded by some constant which depends on sup h.
(iii) If the criteria of Theorem 5 or Corollary 1 are satis ed, then the corresponding planar or screw-shaped periodic orbit is unstable.
(iv) The !-limit set of any solution of (4) contains only planar or screw-shaped elements. Furthermore, the screw-shaped elements in this !-limit set have all the same winding number.
Proof. Assertion (i) has already been shown in Section 2. Let ? be a periodic orbit. Then all elements of ? are equilibria of (5) We take (u 0 ; z 0 ) 2 ? and let (u; v) be the corresponding periodic solution of (4). 
In particular, (u 0 ; v 0 ) 2 P implies that (u; v)(t) 2 P for all t, and (u 0 ; v 0 ) 2Ŝ k , k 6 = 0, implies that (u; v)(t) 2Ŝ k . Since ? = f(u; v)(t) : t 2 0; 2 )g, assertion
(ii) follows (note that the fact that the winding number is bounded follows from Theorem 4). Assertion (iii) and (iv) are consequences of Theorems 1, 2, 5 and Corollary 1.
